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Abstract
We calculate the rst quantum gravitational correction term to the
trace anomaly in De Sitter space from the Wheeler-DeWitt equation.
This is obtained through an expansion of the full wave functional
for gravity and a conformally coupled scalar eld in powers of the
Planck mass. We also discuss a quantum gravity induced violation of
unitarity and comment on its possible relevance for ination.
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Invited Contribution to New Frontiers in Gravitation, edited by G. Sardanashvily and R.
Santilli (Hadronic Press, 1995).
A central role in the study of quantum eld theory on a given classical back-











in which the renormalised expectation value of the energy-momentum tensor acts
as a \back reaction" on the metric of some classical spacetime. The quantum
matter state with respect to which this expectation value is taken is assumed to
obey, in the Schrodinger picture, a functional Schrodinger equation, where the
time evolution is generated by the matter Hamiltonian. A prominent example
is the case of a conformally coupled scalar eld in De Sitter spacetime. If one
assumes this eld to be in the Bunch-Davies vacuum state (which is the unique
De Sitter invariant vacuum state [1]), one nds for the expectation value of the















is the (constant) Hubble parameter of De Sitter space. Since the trace
of this expression is non-vanishing, it leads to the so-called trace anomaly because
conformal invariance would lead to a vanishing trace at the classical level.
Since one expects that the gravitational eld is fundamentally described by
quantum theory, (1) can at best hold approximately. There have been many
discussions in the literature which have investigated the range of validity of the
semiclassical Einstein equations. Ford [3], e.g., has compared the emission of
classical gravitational waves in the semiclassical theory with graviton emission in
linear quantum gravity and found that this can be drastically dierent except if
the mean deviation of T

is small. This is fullled, for example, if the quantum
state approximately evolves adiabatically. A number of papers have strengthened
this result by the attempt to derive (1) from the Wheeler-DeWitt equation, the
central equation of canonical quantum gravity, in a semiclassical approximation
and to study the emergence of the back reaction term with the help of Wigner's
function (see, e.g., [4]). A similar discussion was made for quantum electrody-
namics [5].
If it is possible to derive the limit of quantum eld theory in a classical back-
ground from the Wheeler-DeWitt equation [6], one should also be able to go
beyond this limit and study quantum gravitational corrections. This has been
achieved through an expansion with respect to the gravitational constant [6, 7],
although in a formal sense only, since regularisation issues have not been adressed.
More precisely, one obtains correction terms to the functional Schrodinger equa-
tion for matter elds on a given spacetime { the rst quantum gravity - induced
\post-Schrodinger approximation".
In the present paper these correction terms are explicitly calculated for a
conformally coupled scalar eld in De Sitter space. Since the general discussion
1
in [7] only dealt with minimally coupled elds, it is necessary to extend the
approximation scheme to the case of conformally coupled elds. This is nontrivial
since the canonical formalism is very dierent for non-minimally coupled elds
[8].






























Canonical quantisation proceeds by rst casting the theory into Hamiltonian
form. This is achieved by the usual 3+1 splitting of spacetime into a foliation of
spacelike hypersurfaces. The Hamiltonian constraint found by this procedure is
then implemented in the usual way by applying its (naive) operator version on
physically allowed wave functionals, i.e., through the Wheeler-DeWitt equation.







































































































, h = det(h
ab
), and R is the three-dimensional
Ricci scalar.
We note that there exists a critical eld value 
2
c
= 3=4G for which the
second term in (4) diverges and the signature of the kinetic term changes its sign.
While this is a crucial feature in full quantum gravity [8], it does not aect the
semiclassical expansion, as will be shown below.
The semiclassical expansion proceeds by writing
	  exp(iS) (5)









+ : : : : (6)
This ansatz is inserted into (4), and equal powers of M are compared. The



















+ : : : ; (7)
and one recognises explicitly that the pole does not present any problem in the
semiclassical expansion.
2
The highest order in the semiclassical expansion is M
2
, and it leads to the
condition that S
0
depend on the three-metric only. The next order (M) yields







































h(R  2) = 0: (8)
Each solution of this equation describes a family of solutions to the classical
equations of motion (the vacuum Einstein equations), i.e., a family of classical
spacetimes. We shall choose a special solution which corresponds to De Sitter
spacetime being foliated into at spatial slices, i.e., we consider regions of con-
guration space where R = 0. Looking thus for a solution of (8) which depends












In the following we shall choose the solution with the minus sign. It can be easily

























































Note also that a is chosen here to be dimensionless.
The next order (M
0
) of our approximation scheme leads to an equation in-
volving S
1
. Using the fact that S
0





















































































begin to show up only at order M
 2
, which is
one order beyond the orders discussed in this paper. This demonstrates that the
inuence of three-geometries which are not \tangential" to curves in conguration
space is not seen in the present orders of approximation. The expansion scheme
thus proceeds as in the minimally coupled case [6, 7].




) and choosing the usual prefactor equation for D



























































The left-hand side of Eq. (13) is often written as i = , see (11), but one must
keep in mind that this notion is misleading, since the presence of such a time
function would contradict the commutation relations between the Hamiltonian
densities at dierent space points [9]. Anyway, the important equation for the
following discussion is the integrated version of (13) along a particular choice of












































































Since  occurs only quadratically in (15), it is suggesting to make a Gaussian
ansatz for the wave functional  ,
 [
k
















Such a state describes a general vacuum state (independent of any Fock space)
for the scalar eld in the gravitational background. Inserting (18) into (15), one




































where k  jkj, and V is the space volume which is introduced for regularisation.
Given an initial state  
0
, these equations uniquely determine the state  for all
times (we assume the normalisation h j i = 1). Eq. (20) can easily be solved by
















y = 0: (22)
Introducing the conformal time coordinate  according to





;  2 (0; 1); (23)






y = 0: (24)












k. Eq. (25) corre-
sponds to the conformal vacuum state which is known to agree with the adiabatic
vacuum state in the massless limit [2].
One important point has to be emphasised. Our matter Hamiltonian (14)
diers from the corresponding Hamiltonian density which is obtained by directly
inserting a solution of the classical Einstein equations into (3) [10]. The reason
for this discrepancy is the non-minimal coupling of  to R, which couples kinetic
gravitational terms to the matter eld. It thus makes a dierence whether grav-
ity is described by quantum theory at a fundamental level and a semiclassical
approximation is performed, or whether gravity is treated classically ab initio.
Proceeding with the expansion scheme to the next order (M
 1
), one nds the
same correction terms to the Schrodinger equation than in the minimally coupled



























In the following we shall use these correction terms to evaluate the quantum
gravity-induced correction to the expectation value (2). To this purpose we need
the expectation value of the Hamiltonian densityH
m
with respect to the Gaussian


















































, since this is necessary for the dimen-







































which is formally independent of conformal time  (this is a property of the special















is of course ultraviolet divergent. One thus needs a regularisation prescription
to arrive at a physically sensible, nite, result. For ultraviolet regularisation the
high frequency modes in (18) are important. For such modes the Hamiltonian
density in [10] coincides with our Hamiltonian density. One can thus use the
result for hT

i already found in [10]. However, one must keep in mind that for
non-minimally coupled elds T
00
does not coincide with the Hamiltonian density.






































































Considering now the quantum-gravity induced correction terms to the functional
Schrodinger equation, given in (26), one obtains from the rst term a shift  to
the expectation value (30). The second term describes a quantum gravity induced












This expression is in general utterly divergent and has to be regularised. In the
present case, however, the state evolves adiabatically, i.e., the mean deviation of
H
m







. As was mentioned above, this
6
is the condition under which the semiclassical Einstein equations (1) are valid.

























It is clear that, due to the presence of Gh
2
, this shift is in general very small. We
emphasise that (32) is a denite prediction from the Wheeler-DeWitt equation.
We now turn to the discussion of the second correction term in (26). It
contributes an imaginary part 
I
to the energy density, which might be interpreted
as an instability of the vacuummatter state due to the emission of gravitons. This
unitarity violation can be understood from the fact that the Wheeler-DeWitt
equation does not obey a conservation law for a Schrodinger current, but for a
















This can be evaluated by using the explicit expression (14) and calculating ex-























The time scale t

of this quantum gravitational instability (the sign of 
I
signals






























order of the Planck length. Nevertheless, this correction term might have some
relevance for inationary cosmology. The reason is that in the early universe,
during ination, H
0
is supposed to be large, so that the time scale t

may be




























may be small enough to enable a \quantum gravity induced" decay of the
matter state, which, in turn, may produce a mechanism for a natural exit from the
7
inationary stage of the universe. We note that it has also been concluded from
a two-loop calculation of pure gravity that infrared eects may be responsible for
such a natural exit [11].
We nally mention that the back reaction of the matter state onto the gravi-
tational background leads to a change in the denition of semiclassical time and
thus to an additional contribution to the corrected Schrodinger equation (26) [6].
The net eect of this additional term is a change of sign in the energy shift (32)
[6], and there is no change in the unitarity violating term (34).
In conclusion, we have calculated denite predictions of quantum gravity from
the Wheeler-DeWitt equation. It should be straightforward to apply this ap-
proach to other situations where the matter state evolves adiabatically with re-
spect to the background [2]. In the general situation, however, the corrections
terms in (26) must be regularised carefully. We also note that the unitarity vio-
lating contribution becomes relevant in the nal stages of black hole evaporation
[12].
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